HEK NCCP

International Journal of Applied Mathematics and Soft Computing

Volume 3, Issue 3, October, 2017

Extremal Kirchhoff Index of a Class of
Unicyclic Graphs

Xia Cai, Ting Zeng, Lihui Yang, Jianguang Yang, Zhijun Guo, Shubo Chen
College of Science, Hunan City University, Yiyang, 413000, China

Abstract: The resistance distance between two vertices of a connected graph G is defined as the effective re-
sistance between them in the corresponding electrical network constructed from G by replacing each edge of
G with a unit resistor. The Kirchhoff index Kf(G) is the sum of resistance distances between all pairs of ver-
tices of the graph G. In this paper, we shall characterize a class of unicyclic graph with the extremal Kirchhoff

index.
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1. Introduction

For any veV(G), d(v)=d;(v) is the degree of vertex
v, the distance between vertices vi and vj, is denoted by
d(v,,v;) =ds(v;,v,) , is the length of a shortest path be-
tween them. Wiener index is the first recorded index,
introduced by American chemist H. Wiener in [1], de-
fined as

W(G) :z{vi vvigv(e)}d(vﬂvj) (1)

For the n vertices path Pn, one has W(PR,) = (n;rlj.
In 1993, Klein and Randic [2] introduced resistance dis-
tance on the basis of electrical network theory. They
viewed a graph G as an electrical network N such that
each edge of G is assumed to be a unit resistor. The resis-
tance distance between the vertices vi and vj, are denoted
by r(vi, vj)=rG(vi, vj), is defined to be the effective resis-
tance between nodes v;,v; e N . The Kirchhoff index

Kf(G) of a graph G is defined as [2, 3]

Kf (G) = Z{V, ey A% 2
If G is atree, d(v;,v;)=r(v,,v,)for any two vertices v,
and v; . Consequently, the Kirchhoff and Wiener indices

of trees coincide.

The Kirchhoff index is an important molecular structure
descriptor [4], it has been well studied in both mathemat-
ical and chemical literatures. References to recent studies
are available from [5-10].

A graph G is called a unicyclic graph if it contains exact-
ly one cycle, the unique cycle Cg=v1v2---vgvl in a un-
icyclic graphs, simply denoted as

G=U(Cg; T1, T2,---,TQ)

where Ti is the components of G. E(Cg) containing vi,
1<i<g, Ti is a tree rooted at vi. Let U(n; g) be the set of
unicyclic graphs with n vertices and the unique cycle Cg,

U(n) be the set of unicyclic graphs with n vertices. In
[11], H. Zhang et al., determined unicyclic graphs with
the maximal Kirchhoff index, and H. Deng et al. [12]
obtained unicyclic graphs with the second maximal Kir-
chhoff index. X. Cai in [13] characterized unicyclic
graphs with the second maximum Kirchhoff index.

In the paper we'll characterize a class unicyclic graphs
Ug(k,i,I), depicted in Figure 1, with extremal Kirchhoff
index. The paper is organized as follows, in Section 2 we
state some preparatory results, whereas in Section 3 we
state our main results.

U Uz V1 Vi W

Figure 1. The graph Ug(k,i,l)

2. Preliminary Results

For a graph G with veV(G), G-v denotes the graph

resulting from G by deleting v (and its incident edges).
For an edge uv of the graph G (the complement of G,
respectively), G-uv(G+uv, respectively) denotes the
graph resulting from G by deleting (adding, respectively)
uv.

Let Kf, (G) = ZV_EV(G) r(v,,v;), then

]

SO WNSHC) )

Let Cg be the cycle on k>3 vertices, for any two vertices
v,,v; eV(C,) with i<j, by Ohm's law, we have

_(U-i(g+i-}))
)=

r(v,,v . For any vertex v, eV(C,),
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2_
its suffice to see that Kf, (C,)= K 5 ! ,
k®—k
Kf(C,) = .
€)=

Lemma 2.1([2]). Let x be a cut vertex of a connected
graph and a and b be vertices occurring in different com-
ponents which arise upon deletion of x. Then

I5(a,b) = 5 (&, X) + 15 (x,b) @)
Lemma 2.2([11]). Let G1 and G2 be two connected
graphs with exactly one common vertex x, and
G=G,UG,. Then

K (G) = Kf (Gy) +KF (G,) +(V (G| DKL, (G,) +(V(G,) -DKf,(G) (5)
3. Main Results
Let L(g,k) be the lollipop graph depicted in Figure 2.

Uk U Vi

Figure 2. The lollipop graph L(g,k)

By Lemma 2.2, one has,
Theorem 3.1. Let L(g, k) be the graph depicted in Figure
2, then

g® k

Kf (L(g,k)) = f+—(k 1)+—(6k2 6k —1)+ #

(6)
Proof. By the formula (2.3), one has,
Kf (L(g,k)) = Kf (C,) + Kf (R,) + (k =DKf, (C;) + (g -DKF, (R)

9°-g.1 ., g°-1 1
- k(K2 1) + (k-1 D) Zk(k+1
1 +6( )+ (k-1 5 +(9 )2(+)

_ g®-g . g?(k 71)4r g(6k? —6k—1)+ kK3 -3k%+k+1

12 6 12 6
()
The proof is completed.
In the following, we'll investigate the extremal Kirchhoff
index of U, ,i,l).
Theorem 3.2. Let G eU, (k,i,1),2<i <I-1 be the graph

depicted in Figure 1,
(i If g is even, then

Kf (U, (k,i,1)) < KFf (U, +k,9+1,0)) or

Kf U, (k,i,1)) <Kf U, (0,= +1I+k))
(i) If g is odd, then

Kf U, (k,i,1)) < Kf (ug(|+k,97+1+1,0)) or

Kf (U, (k,i,1) < Kf (ug(o,gT”ﬂ,l +K)).

Proof. By Theorem 3.1 and Lemma 2.2, one has,
Kf(Ug(k,i,I))—Kf(L(g k) +Kf (R) +(g +k - 2)Kf, () + (I ~1)KF, (L(g.K)

_9, g(k=D g6 -6k=1) K -3C+k+1 (1+1)
127 s 12 6 3

(g+k- 2)I(| 1)+(I—1)[Kfv‘(Cg)+(k_1)r(vl’vl)+@]
®)
: g if g is even;
where r(v, .)—M_ 4’
’ g If g is odd.

49
with the equality if and only if iz[%}l or
i:[g—ﬂ'}+l.
2
(M If g is even, then g=4 and

riv,v) < r(vl,vgﬂ) :% , then
2

2 2 3 2
Kf(Ug(k,i,I))s%Jrg (k=1 , g(6k" ~6k-1) K’ -3k +|<+1+[|+1]+

6 12 6 3

(g+k—2)@+(l—1)[Kfvl(Cg)+(k—l)%+@]
:Kf(Ug(k,%Jrl,l))
)
Supposing that k >1+1, then
KFf (U, (k, = +:LI)) Kf (U, (k-1,= +1|+1)) ( j(k—l—l)zo
(10)
Thus, we have
Kf(Ug(k,i,I))gKf(Ug(I+k,g+1,0)) or

Kf (U, (k,i,1)) < Kf (U, (0,2 +1I+k))

(i) If g is odd, then g=3 and
g’ -1 g+1

rv,v) <rv, Yo, )= " , then
Kf (U, (k||))< +98 (I; ) g(6k21—26k n K- 3k;+k+1 [I;—l}r
(g+k-21 D i, (€,)+ (k- 1)9 L, kD)
=Kf (U, (k, g—+1+1|))
(11)
Supposing that k > | +1again, then
KU 0 -k U, (k-1 8y =K 1(39_4%]20
(12)

Thus, one has

KF (U, (k,i,1)) < Kf (ug(|+k,97+1+1,0)) or
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KF U, (k,i,1)) < Kf (ug(o,97+1+1,| 1K)

This completes the proof.
Theorem 3.3. Let G €U, (k,i,1), then

Kf (U, (k||))< L9 (k+1-2)  g6(k +1)* ~18(k +1)+11]
h 6 12
+(k+|)3—6(k+l)2+10(k+l)—4
6

13
the equality holds if and only if G;Ug(k+l,i,0)( 03
G=U,(0,i,k+I).
Finally, we'll investigate graphs in U, (k,i,l) with the
minimal Kirchhoff index.
By the same reasons as those used in Theorem 3.2 and

Theorem 3.3, we'll arrives at following result.
Theorem 3.4. Let G eU,(k,i,l) for 2<i<g, then

3 20 _ 2_q9t_ 3 _pt2 —
%+g (:3 D, g2t 1212t .t 6t321+4 (t-1? Cifkelo2t
KIO ki 2y ‘(t-1) g2’ -1) 8 -10t+1 t°-t ’
9 ,9°(t-D g2 -1) 8-10t+1 t'-t ifkl=2t+1.
2 6 12 6
(14)

The equality holds if and only if G=U,(t,2,t) for
k+l=2t or G=U_ (t+12,1)

for kK+1=2t+1.
Proof. By Theorem 3.1, one has,

Kf (U, (k”»_i g%(k— n, g(6k2—6k—1)+k3—3k2+k+1+[|+l)+
6 12 6 3
(g+k-2 12 -1, )+ (k-2 + <2

—KF(U, (k, ngl+1 )

(15)
where
FVo) = (i-)(g+1-1) S (2-D(g+1-2) g-1 ,
g g g
with the equality if and
only if i=2 or i=g.

It's noted that,

o555 el 5)

(16)
Then,
g(k D, g(6k*~6k-1)  K°-3Kk*+k+1 (1+1
Kf(U(klI))> o 5 (3},

(9+k— 2)I(I -1)

+(1-DIKF, (cg)+(k—1)97’1+@]
= Kf (Ug(k,2,l))

1

Supposing that k >1+1, then
KF U, (k,2,1)) - Kf (U, (k=121 +1)) = (k- | 71)[9 +éfzjzo.

(18)
This completes the proof.
By a simple calculation, we’ll arrive at the desired result.
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