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Abstract: For any given positive integers n  and k  with ,n k>  let ( , ) { : {1,2, , } \ { }}n k

iT i n kσ= ∈ L  be a gene-

rating set of the symmetric group nS  of degree n ,  where each ( , )n k
i Tσ ∈  satisfies that , ,i ik i i kσ σ= =  and 

each ( , ) { }n k
i nTσ σ∈ Å  satisfies that .in nσ =  The Cayley graph on nS  with respect to ( , )n kT  is denoted 

by ( , ).n kΓ  In this paper, we determine the domination number of ( , ) ,n kΓ  and obtain some results about efficient 
dominating sets in ( , ).n kΓ  
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1. Introduction 
For a simple graph Γ , we denote its vertex set and edge 
set respectively by ( )V Γ  and ( ).E Γ  Let G  be a finite 
group with e  as the identity and S  be an inverse-closed 
subset of G  not containing e . The Cayley graph 

( , )Cay G S of G  with respect to S  is defined by  
( ( , )) ,? ( ( , )) {{ , }: , }.V G S G E G S g sg gCay C y G Sa s= = ∈ ∈ Clearly, 

( , )Cay G S  is a graph of degree | |S , and ( , )Cay G S  is 
connected if and only if G  is generated by S . 
A subset D  of vertices in a graph Γ  is called a dominat-
ing set if each vertex not in D  is adjacent to at least one 
vertex in D . The domination number of a graph Γ  is the 
minimum size of a dominating set of Γ , and denoted by 

( ).γ Γ  A subset D  of vertices in a graph Γ  is called an 
efficient dominating set (also called a perfect code) if D  
is an independent set and each vertex not in D  is adja-
cent to exactly one vertex in D . By the definitions of 
Cayley graph and efficient dominating set, it is easy to 
see that if D  is an efficient dominating set of ( , )Cay G S , 
then 

   ( ( , )) | | .
| | 1

nG S DCay
S

γ = =
+

                  (1) 

Many authors investigated the efficient dominating sets 
in some families of graphs. Biggs [1] and Kratochvíl [2] 
first investigated the existence of efficient dominating 
sets in some graphs. Later Livingston and Stout [3] stu-
died the existence and construction of efficient dominat-
ing sets in families of graphs arising from the intercon-
nection networks of parallel computers. In the past few 
years efficient dominating sets in Cayley graphs have 
received much attention. For example, Lee [4] proved 
that a Cayley graph on an abelian group admits an effi-
cient dominating set if and only if it is a covering graph 

of a complete graph. Dejter and Serra [5] gave a con-
structing tool to produce infinite families of E-chains of 
Cayley graphs on symmetric groups, which include the 
pancake graphs and the star graphs, where an E-chain is a 
countable family of nested graphs each containing an 
efficient dominating set. In addition, efficient dominating 
sets in circulant graphs (that is, Cayley graphs on cyclic 
groups) were studied by many authors. Tamizh Chelvam 
and Mutharasu [6] gave a necessary and sufficient condi-
tion for a subgroup to be an efficient dominating set in 
circulant graphs. Kumar and MacGillivray [7] characte-
rized the efficient dominating sets in circulant graphs 
with domination number two and three, and Deng [8] 
further characterized the existence and construction of 
efficient dominating sets with domination number prime. 
Obradović et al. [9] gave necessary and sufficient condi-
tions for the existence of efficient dominating sets in 
connected circulant graphs of degree 3  and 4 . Feng et al. 
[10] and Deng et al. [11] independently generalized the 
results in [9] by considering the case of more general 
degree. 
Let nS  be the symmetric group of degree n . The  pan-
cake graph nP  is the Cayley graph ( , ),n nS PRCay  where 

1{ : 2 }n jPR r j n= ≤ ≤  

and 1
1 2 1

.
1 1 1j

j j n
r

j j j n
+ 

=  − + 

L L

L L
  

The pancake graph is well known because of the famous 
open pancake problem about computing its diameter. The 
star graph nST  is the Cayley graph ( , ),n nC S Tay  where 

{(1 ) :2 . }nT i i n= ≤ ≤  The star and pancake graphs are 
widely used in computer science as models for intercon-
nection networks of parallel computers [12,13]. It is also 
known that the efficient dominating sets are used in 
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broadcasting algorithms for multiple messages on the star 
and pancake graphs [14]. 
As a generalization of the star and pancake graphs, we 
here define a new class of Cayley graphs on .nS  For any 
given positive integers n  and k  with ,n k>  let 

( , ) { : {1,2, , } { }}n k
iT i n kσ= ∈ L Ç  be an inverse-closed 

generating set of ,nS  where each ( , )n k
i Tσ ∈  satisfies that 

, ,i ik i i kσ σ= =  and each ( , ) { }n k
i nTσ σ∈ Å  satisfies that 

.in nσ =  Defining ( , ) ( , ): ( , ).n k n k
nS TCay=Γ Clearly, ( , )n kΓ  

is connected and n -regular. By the definition of ( , )n kΓ , it 
is easy to see that the pancake graph nP  and the star 

graph nST  both belong to ( ,1)nΓ . 
In [15], Konstantinova characterized all the efficient do-
minating sets in the star and pancake graphs. In this paper, 
we give some results about efficient dominating sets in 

( , )n kΓ , which implies that the dominating number of 
( , )n kΓ  is ( 1)!.n −  

2. Main Result 
2.1. Preliminary lemmas 
Let G  be a finite group with multiplicative notation. We 
define the product of two subsets ,M N   of G  by 

: { , }.MN mn m M n N= ∈ ∈  If each x MN∈  has a unique 
representation in the form x mn=  with m M∈  and ,n N∈  
then the product MN  is called direct, denoted by .M N×  

Lemma 2.1 [16] Let G  be a finite group and let M,N be 
subsets of G . Then G M N= ×  if and only if 

1 1 { }M M NN e− − =I  and | | | || | .G M N=  

By the definitions of Cayley graph and efficient dominat-
ing set, one can easily obtain the following lemma. 
Lemma 2.2 Let S  be a subset of a finite group G  not 
containing the identity e  , and let { }.eS S e= U  Then 

( , )Cay G S  admits an efficient dominating set D  if and 
only if .eG S D= ×  

2.2. The domination number 

Theorem 2.3 Let { : }i
nB S k iππ= ∈ =  for 1,2, , .i n= L   

Then  ( 1,2, , )iB i n= L  are efficient dominating sets in 
( , )n kΓ . In particular, the domination number of ( , )n kΓ is 

( 1)!.n −  
Proof. Let ( , ) ( , ) { }.n k n k

eT T e= U  For any distinct 

1 2, ,iBπ π ∈  clearly
1 1

1 2 2 .k i kπ π π− −
= =  On the other hand, 

for any distinct ( , ), ,n k
i j Tσ σ ∈  clearly 

1

.i j jk i kσ σ σ−

= ≠  

So ( , ) 1 ( , ) 1( ) { }.n k n k
i iT T B B e− − =I  Similarly, for any ele-

ment σ  of ( , )n kT  or ( , ) 1( ) ,n kT − clearly .k kσ ≠  
Thus ( , ) 1 ,n k

i iT B B− = ∅I ( , ) 1 1( ) .n k
i iT B B− − = ∅I Set

( , ) ( , ) { }.n k n k
eT T e= U  Then ( , ) 1 ( , ) 1( ) { }.n k n k

e e i iT T B B e− − =I  

Since ( , )| | | || |,n k i
n eS T B=  it follows from Lemma 2.1 that 

( , ) .n k i
n eS T B= ×  By Lemma 2.2,  ( 1,2, , )iB i n= L  are effi-

cient dominating sets in ( , )n kΓ , which implies that the 
domination number of ( , )n kΓ  is | | ( 1)!.iB n= −  The asser-
tion holds. 
Theorem 2.4 Let { : }, { : },i

n j nB S k i B S n jπ ππ π= ∈ = = ∈ =  
i i
j jB B B= I for any , {1,2, , }.i j n∈ L  Then the following 

(i)-(ii) hold: 
(i) For any distinct , {1,2, , },i j n∈ L  each vertex in iB is 
adjacent to exactly one vertex in ;jB  
(ii) For any distinct , {1,2, , },i j n∈ L  each vertex in i

jB  is 

adjacent to exactly one vertex in j
iB  and exactly one 

vertex in l
jB  for each , .l i j≠  

Proof. (i) By Theorem 2.3, iB  and jB  are both efficient 
dominating sets in ( , )n kΓ . By the definition of efficient 
dominating set, it is easy to see that each vertex in iB  is 
adjacent to exactly one vertex in .jB  Thus the assertion 
holds. 
(ii) For any ,i

jBπ ∈  clearly k iπ =  and .n jπ = Since for 
( , ) ,n k

n Tσ ∈  we have nk n jσ π π= =  and ,nn k iσ π π= =  it 

follows that .j
n iBσ π ∈ Since for any 

( , ) { },  mn k
m nT k mσ π πσ σ∈ =Å and ,mn n jσ π π= =  it fol-

lows that .m
m jB

π
σ π ∈  Next we claim that , .m i jπ ≠  Oth-

erwise, if ,m iπ =  then ,m k=  which contradicts with 
( , ) { }.n k

m nTσ σ∈ Å Similarly, if ,m jπ =  then ,m n=  

which also contradicts with ( , ) { }.n k
m nTσ σ∈ Å  Set .l mπ=  

Then each vertex in i
jB  is adjacent to exactly one vertex 

in j
iB and exactly one vertex in l

jB  for each , .l i j≠  The 
assertion holds. 

2.3. Efficient dominating sets 
Theorem 2.5 Let D  be any efficient dominating set in 

( , )n kΓ  and let j jD D B= I  and j j
i iD D B= I  for any 

, {1,2, , }.i j n∈ L  Then | | | | ( 2)!j
j iD D n+ = −  for any dis-

tinct , {1,2, , }.i j n∈ L   
Proof. By Theorem 2.4, each vertex in i

jB  is adjacent to 

exactly one vertex in j
iB  and exactly one vertex in l

jB  
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for each , ,l i j≠  which implies that
,

( ) ( ) .ji l
j j i

l i j

N B B B
≠

= UU  

By the definition of efficient dominating set, each vertex 
in i

jB  either belongs to i
jD  or is adjacent to exactly one 

vertex in
,

( ) .jl
j i

l i j

D D
≠

UU  Note that .l
j j

l j

D D
≠

=U  Hence 

,

( 2)! | | | | | | | | | | | |,i i l j j
j j j i j i

l i j

n B D D D D D
≠

− = = + + = +U
 

the assertion holds. 
Theorem 2.6 Let D  be any efficient dominating set in 

( , )n kΓ  and let j jD D B= I  for any {1,2, , }.j n∈ L  Then 
the following (i)-(ii) hold: 
(i) 

1 2
| | | |j j

i iD D= for any distinct 1 2, {1,2, ,i i ∈ L   } \ { }.n j  

(ii) | | ( 1) | | ( 1)!j
jD n D n+ − = −  for any {1,2, , }.j n∈ L  In 

particular, | |jD  is divided by 1n −  for any 
{1,2, , }.j n∈ L  

Proof. (i) By Theorem 2.5, | | ( 2)! | |j
jiD n D= − −  for any 

{1,2, , } { },i n j∈ L Å  and thus 
1 2

| | | | .j j
i iD D=  

(ii) Since ,jj
i

i j

D D
≠

=U  it follows from (i) that 

| | ( 1) | |,jj
iD n D= −  which together with Theorem 2.5 

implies that | | ( 1)(( 2)! | |).j
jD n n D= − − − Thus, 

| | ( 1) | | ( 1)!j
jD n D n+ − = −  and | |jD  is divided by 

1.n − Hence the assertion holds. 
Theorem 2.7 Let D  be any efficient dominating set in 

( , )n kΓ . Then jD = ∅  for some {1,2, , }j n∈ L  if and only 

if .jD B=  
Proof. By Theorem 2.6 (ii), | | ( 1) | | ( 1)!.j

jD n D n+ − = −  

 If ,jD = ∅  then | | ( 1)!,jD n= −  which together with 
j jD B⊆  and | | ( 1)!jB n= −  implies that .j jD B=  

Moreover, since jD D⊆  and | | ( 1)!,D n= −  it follows that 

.jD D=  Therefore, .jD B= If ,jD B=  then ,j jD B=  
and thus | | | | ( 1)!,j jD B n= = −  which together with Theo-
rem 2.6 (ii) implies that .jD = ∅ The assertion holds. 
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