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Abstract: In view of the difficulties existing in the analysis methods of unsaturated expansive soil slope, a 

feasible calculation method based on Lu Zhaojun’s unsaturated strength theory and strength reduction finite 

element theory is proposed in this paper. Firstly, based on Lu Zhaojun’s developing the strength of the unsatu-

rated expansive soil strength reduction method, secondly, using FORTRAN programming realized based on 

Lu Zhaojun’s strength of unsaturated expansive soil strength reduction calculation program, finally, through 

the calculation of unsaturated expansive soil slope stability, respectively discusses three kinds of calculation 

method of difference, and the calculated results were compared. The results show that the strength reduction 

method based on Lu Zhaojun’s unsaturated expansive soil strength is consistent with the numerical calcula-

tion results of the other two strength reduction methods, providing an effective method to analyze the slope 

stability of unsaturated expansive soil. 
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1. Introduction 

Expansive soil has remarkable expansibility, crack and 

over consolidation, which leads to its poor engineering 

properties, making the instability of expansive soil slope 

become one of the world's difficult problems. Therefore, 

it is of great theoretical and practical significance to 

study and solve the stability problem of expansive soil 

slope. There are two main methods for calculating the 

instability of unsaturated soil slopes: the limit equilibri-

um method of traditional methods and the new strength 

reduction finite element method. Compared with the tra-

ditional limit equilibrium method, the strength reduction 

finite element method has some advantages in slope sta-

bility analysis. 

The shear strength formulas of unsaturated soils include 

the strength of unsaturated soils based on single effective 

stress and the strength of unsaturated soils based on dou-

ble stress variables. Because the strength of unsaturated 

soils with single effective stress and the strength of un-

saturated soils with double stress variables are difficult to 

test and determine the parameters, Lu Zhaojun and others 

put forward the third theoretical formula of shear strength 

of unsaturated soils. Although the formula of strength of 

unsaturated soils is used to measure the expansive force 

and determine the relative parameters. It is simple, but its 

application in expansive soil slope engineering needs 

further study. 

Therefore, this paper develops a strength reduction calcu-

lation program based on the strength of unsaturated ex-

pansive soil of Lu Zhaojun, and verifies the strength re-

duction calculation method based on the strength of un-

saturated expansive soil of Lu Zhaojun through an exam-

ple, in order to provide an effective method for analyzing 

the stability of unsaturated expansive soil slope. 

2. The Principle of Establishing Strength 

Reduction Finite Element Method based on 

Lu Zhaojun's Theory 

In 1995, Lu Zhaojun et al. proposed the third theoretical 

formula for shear strength of unsaturated soils: 

 f a tan tansc u mp                        (1) 

In the formula: 
f  is the ultimate shear strength of un-

saturated soils; c  is effective cohesion;   is normal 

stress; au  is pore pressure;   is the effective internal 

friction angle; sp  is expansion force of unsaturated soil 

measured by immersion under volume-invariant condi-

tions; m  is the effective coefficient of expansive force. 

The theoretical formula for shear strength of unsaturated 

soils proposed by Lu Zhaojun is deformed into: 

 f a tansc u mp                           (2) 

Lu Zhaojun et al. Found that the expansive force can be 

expressed as a power function of water content   by 

sorting out and regression analysis of test data of soil and 

calcareous soil in Guangxi: 
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sp a                                 (3) 

In the formula: a and λ are parameters determined by the 

properties of soils. 

For formula (3), the common logarithm is taken at the 

same time on both sides: 

lg lg lgsp a                              (4) 

Expansion force 
sp  can be described by power function 

of water content  . Therefore, after the parameters a  

and   of a certain kind of soil have been measured in the 

laboratory, the expansive force in practical engineering 

can be predicted by water content. 

Based on the strength reduction finite element program 

of Lu Zhaojun unsaturated expansive soil, the displace-

ment increment isoline between adjacent reduction coef-

ficients is used to describe the internal characteristics of 

the slope. The closest point of the isometric displacement 

increment isoline is the location of the potential sliding 

surface, which is the maximum gradient of displacement 

increment. 

3. Stability Analysis of Expansive Soil Slope 

3.1. Project survey 

Based on the strength reduction finite element program 

of Lu Zhaojun unsaturated expansive soil and the 

strength reduction finite element program of other two 

kinds of strength, the stability of expansive soil slope of 

an expressway in Ankang is calculated and analyzed. The 

numerical model is shown in Fig.1. The groundwater 

level is 3 m below the surface. 
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Figure 1. Schematic diagram of slope dimension(m) 

3.2. Calculating parameters 

The stability of expansive soil slope of an expressway in 

Ankang is calculated and analyzed. 

The effective stress formula for shear strength of unsatu-

rated soils proposed by Bishop et al. is as follows: 

   f a atan tanc u u u                       (5) 

In the formula: u  is pore water pressure;   depends on 

the saturation, soil type, dry-wet cycle and stress path of 

loading and suction. 

The effective stress formula for shear strength of unsatu-

rated soils with Fredlund double stress variable is as fol-

lows: 

   f a atan tan bc u u u                  (6) 

In the formula: tan b is the internal friction coefficient of 

suction  au u . 

The theoretical formula of shear strength of unsaturated 

soils proposed by Lu Zhaojun is as follows: 

 f a tan tansc u mp                     (7) 

The typical physical and mechanical indexes of expan-

sive soil along an expressway in Ankang are as follows: 
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3.3. Computing scheme 

Calculating working conditions 1-1. Considering the in-

fluence of matrix suction and the non-uniform distribu-

tion of matrix suction, the strength reduction finite ele-

ment program based on Bishop single-value effective 

stress formula was used to analyze. 

Calculating working conditions 1-2. Considering the in-

fluence of matrix suction and the non-uniform distribu-

tion of matrix suction, the strength reduction finite ele-

ment program based on Fredlund's two-stress variable 

formula was used to analyze the matrix suction. 

Calculating working conditions 1-3. Considering the ef-

fect of suction equivalent expansive force, the maximum 

expansive force exists and the suction equivalent expan-

sive force is non-uniformly distributed. The strength re-

duction finite element program based on Lu Zhaojun's 

unsaturated soil strength formula is used for analysis. 

Calculating working condition 2. When the matrix suc-

tion is lost, the conventional strength reduction finite 

element program is used for analysis. 

3.4. Calculation and analysis of working conditions 

Considering the non-uniform distribution of matric suc-

tion, the strength reduction finite element program based 

on Bishop single-value effective stress formula is used to 

calculate the slope safety factor 1.305Fs  , as shown in 

Fig. 2(a). 

Considering the non-uniform distribution of matric suc-

tion, the strength reduction finite element program based 

on Fredlund's two-stress variable formula is used to ana-

lyze the working condition 1-2, and the slope safety fac-

tor    1.300F   is calculated, as shown in Fig. 2 (b). 

Considering the non-uniform distribution of the maxi-

mum expansive force, the strength reduction finite ele-

ment program based on Luzhaojun's unsaturated soil 
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strength theory formula is used to calculate the slope 

safety factor s  1.300F  , as shown in Fig. 2 (c). 

In the case of loss of matrix suction, the conventional 

strength reduction finite element program is used to ana-

lyze the calculation condition 2, and the slope safety fac-

tor   1.17Fs   is calculated, as shown in Fig.2 (d). 
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Figure 2. Contour of displacement increment 

Comparing the numerical results of three kinds of unsatu-

rated soil strength reduction finite element methods, the 

calculation conditions of three kinds of unsaturated soil 

strength reduction finite element methods are the same, 

the safety factors of calculation conditions 1-1, 1-2 and 

1-3 are basically the same, and the position of potential 

sliding surface is also consistent. It shows that the 

strength reduction finite element program based on the 

strength of Lu Zhaojun unsaturated soil is developed. 

Successfully achieved the expected engineering effect. 

4. Conclusion 

According to Lu Zhaojun's theoretical formula of shear 

strength of unsaturated soils, the strength parameters of 

unsaturated expansive soils are not changed in the effec-

tive stress space, which determines the strength failure 

surface of unsaturated expansive soils in the effective 

stress space. By using the product of expansive force and 

expansive force parameters, the shear strength of unsatu-

rated expansive soils is superimposed on the original 

effective stress state, forming a new one. Considering the 

effective stress state of expansive force, the non-

uniformity of strength of unsaturated soil is solved. 

The stability of unsaturated expansive soil slope is ana-

lyzed by strength reduction finite element method based 

on the strength of Lu Zhaojun unsaturated expansive soil 

and strength reduction finite element method based on 

the strength of other two kinds of strength. When the 

calculation conditions of the slope are the same, the sta-

bility analysis results tend to be consistent, that is, based 

on the strength of Lu Zhaojun unsaturated expansive soil. 

The strength reduction finite element method can provide 

an effective method for unsaturated expansive soil slope 

engineering. 

 

Reference 

[1] Lu Y., Liu S.H. Cracking in an expansive soil under freeze-thaw 
cycles. Sciences in Cold and Arid Regions. 2017, 9(4), 392-397. 

[2] Djellali A., Houam A., Saghafi B., et al. Static analysis of 

flexible pavements over expansive soils. International Journal of 
Civil Engineering. 2017, 15(3), 391-400. 

[3] Lü X., Zheng S., Huang M., et al. Strength reduction finite 
element analysis of a stability of large cross-river shield tunnel 

face with seepage. European Journal of Environmental & Civil 

Engineering. 2017, 20, 1-18. 

[4] Xu B.B., Zhang N.S. Stability analysis of caisson cofferdam 

based on strength reduction method. IOP Conference Series 

Earth and Environmental Science. 2018, 153(5), 052016. 

[5] Liu Q., Cheng Y., Kan J., et al. Effect of confining pressure 

unloading on strength reduction of soft coal in borehole stability 
analysis. Environmental Earth Sciences. 2017, 76(4), 173. 

[6] Oh W.T., Vanapalli S. Undrained shear strength of unsaturated 
soils under zero or low confining pressures in the vadose zone. 

Vadose Zone Journal. 2018, 17(1), 23-25. 

[7] Wang S., Wang X., Yuhan L.I. Experimental study on shear 
strength of unsaturated soils based on matric suction. Journal of 

Nanjing Tech University. 2017, 28(3), 37-39. 

[8] Lu Z.J. Problems on the research of shear strength of clayey soils. 

China Civil Engineering Journa. 1999, 32(4), 3-9. 

 

 


